We examine the surjectivity of isometries between weighted spaces of holomorphic functions. We show that for certain classical weights on the open unit disc all isometries of the weighted space of holomorphic functions, Hv o (∆), are surjective. Criteria for surjectivity of isometries of Hv(U ) in terms of a separation condition on points in the image of Hv o (U ) are also given for U a bounded open set in C. Considering the weight v(z) = 1 − |z| 2 and the isomorphism f → f ′ we are able to show that all isometries of the little Bloch space are surjective.
Introduction
Let U be a bounded open subset of C n . A weight v on U is a continuous, bounded, strictly positive real valued function on U . We will use H v (U ) to denote the Banach space of all holomorphic functions f on U which have the property that f v := sup z∈U v(z)|f (z)| < ∞ endowed with the norm · v . Consider all f in H v (U ) with the property that |f (z)|v(z) converges to 0 as z converges to the boundary of U i.e. given ǫ > 0 there is a compact subset, K, of U such that v(z)|f (z)| < ǫ for z in U \ K. The set of all such functions is a closed subspace of H v (U ) denoted by H vo (U ). We say that the weight v on a balanced domain U ⊂ C n is radial if v(λz) = v(z) for all λ in C with |λ| = 1 and all z ∈ U .
In [6, 7, 8] the authors characterised the surjective isometric isomorphisms of weighted spaces of holomorphic functions. For radial weights on balanced open domains in C they gave a complete characterisation. If U and V are bounded, balanced open subsets of C and v : U → R and w : V → R are radial weights then every surjective isometric isomorphism T : H vo (U ) → H wo (V ) has the form T (f )(z) = h φ (z)f • φ(z) for all f in H vo (U ) and all z in V where φ : V → U is a biholomorphic mapping and h φ belongs to H wo (V ). Since H vo (U ) is an M-ideal in H v (U ), a theorem of Harmand and Lima, [14] , implies that every surjective isometric isomorphism T : H v (U ) → H v (U ) also has the form
where, again, φ : U → U is biholomorphic and h φ belonging to H vo (U ).
In [3] Bonet, Lindström and Wolf examined the isometric (not necessarily surjective) weighted composition operators between weighted spaces of holomorphic functions giving both necessary and sufficient conditions for a weighted composition operator to be an isometry. In this paper we shall examine the surjectivity of isometries between weighted spaces of holomorphic functions. We shall see that in many cases every isometry T from H vo (U ) into H vo (U ) is automatically surjective. Nevertheless, as we shall see, examples of non-surjective isometries from H vo (U ) into H wo (U ) and from H v (U ) into H v (U ) do exist. Our examination of the weighted spaces of holomorphic functions requires techniques from complex analysis, potential theory, topology and the geometry of Banach spaces and prove that the surjectivity of isometries is related to the separability and topological properties of a certain distinguished subspace of V , denoted by B T v (U ). For further reading on the isometric theory of Banach spaces we refer the reader to [1, 12, 13] . For more details on the geometric theory and isometries of weighted spaces of holomorphic functions we refer the reader to [2, 4, 5, 6, 7, 8, 9, 16] and [17] .
We give descriptions of the not necessarily surjective isometries complementing former results for the surjective isometries given in [7] . Indeed, we show that in many cases this shows that all isometries are automatically surjective. Cima and Wogen [10] show the surjectivity of all isometries of the little Bloch space B 0 . As the space B 0 is isometrically isomorphic to a particular weighted space of analytic functions, our results generalise those of Cima and Wogen. In our generalisation of their results to Banach weighted spaces of holomorphic functions, we are able to give a proof which includes both the Theorem and Proposition in [10] . Our proof is nontrivial and recovers their incomplete proofs (see the comments in Section 7). The key that let us afford the results with success is Theorem 4.1, whose subtle proof uses Baire Category Theorem.
Isometries of H v o (U )
Let us begin this section with an example of non-surjective isometry between weighted spaces of holomorphic functions. Let ∆ denote the open unit disc in the complex plane. Then, a routine calculation shows that, in both cases, T (f )(z) = f (z 2 ) is a non-surjective isometry from H vo (∆) into H wo (∆).
In our classification of the surjective isometries of H vo (U ) a crucial role was fulfilled by a certain distinguished subspace of U , the v-boundary of U . In [7] we showed that the set of extreme points of the closed unit ball of H vo (U )
′ is contained in {λv(z)δ z : z ∈ U, |λ| = 1}. The v-boundary of U is defined as the set of all z ∈ U such that v(z)δ z is an extreme point of the unit ball of H vo (U )
′ . Note that v(x)δ x is an extreme point of the unit ball of H vo (U )
′ if and only if λv(x)δ x is an extreme point for every |λ| = 1. We denote the v-boundary of U by B v (U ). A weight v is said to be complete if B v (U ) = U . Each of the following weights on B C n is complete for α > 0, β 1
When we consider (non necessarily surjective) isometries of H vo (U ) into H wo (V ) we shall require a replacement for B w (V ). As the extreme points of the closed unit ball of T (H vo (U ))
′ are again contained in the set {λw(z)δ z : z ∈ V, |λ| = 1} (see [11, Lemma V.8 .6 ]) we denote by B T w (V ) the set of all z ∈ V such that w(z)δ z is an extreme point of the unit ball of T (H vo (U )) ′ . Note that different z in B T w (V ) may lead to the same extreme point in the closed unit ball of T (H vo (U ))
′ . The following result is a Banach-Stone type theorem for isometries between weighted spaces of holomorphic functions. Its proof is heavily modelled on that given by Cima and Wogen, [10] , which characterises the isometries of the little Bloch space with the weight 1 − |z| 2 replaced with an arbitrary radial weight. We include its proof for completeness and future reference. See also [1,
+ be weights with v radial and converging to 0 on the boundary of ∆. Let T : H vo (∆) → H wo (V ) be an isometry. Then there is a holomorphic function φ : V → ∆ and h φ in H wo (V ) such that
Proof: We assume without loss of generality that v(z) 1 for all z in ∆. Consider the surjective isometry T :
Hence it maps the extreme points of the unit ball of T (H vo (∆)) ′ bijectively onto the set of extreme points of the unit ball of (H vo (∆))
′ . This induces a surjective function
Mapping Theorem implies that φ(V ) ⊆ ∆. A final application of the Identity Principle gives that
where h φ := T (f o ), for all f in H vo (∆) and all z in V . We note that the φ of the above theorem maps B T w (V ) onto B v (∆). We can replace the condition that v is radial with the condition that v is complete and obtain the following theorem. 
We note that from (1) and by continuity we have that
Separation condition and Surjectivity of Isometries
Let X be a Hausdorff locally compact space. Denote by C o (X) the space of continuous C-valued functions on X which vanish at infinity. According to Araujo and Font, [1] , a subspace A of C o (X) is strongly separating if for each x, y in X with x = y there is f in A with |f (x)| = |f (y)|. In [1] Araujo and Font showed that this separation condition on the range of an isometry allows significantly stronger Banach-Stone type theorems. Our main result of this section shows that under certain conditions strong separation is a necessary and sufficient condition for the surjectivity of isometries between spaces of type H vo (U ). Let V be an open subset of C n . We use V * to denote the one-point compactification of V . We shall say that a subspace A of H w (V ) strongly wseparates the points of V if for each x, y in V with x = y there is f in A with w(x)|f (x)| = w(y)|f (y)|. By Theorem 2.3 there is an analytic surjection φ :
′ maps the extreme points of the unit ball of H vo (∆)
′ onto the extreme points of the unit ball of (T (H vo (∆)) ′ . Hence for each x in ∆ there is µ in C with |µ| = 1 and
Since T (H vo (∆)) strongly w-separates the points of V each extreme point of the unit ball of (T (H vo (∆)) ′ determines a unique y in B T w (V ) and hence there is a function β : U → C with |β(·)| = 1, and a function ψ :
.) It now follows that there is a function h ψ : ∆ → C such that
for all f ∈ T (H vo (∆)) and all z in ∆. Moreover, we also have that
for all z in ∆. We claim that ψ is continuous. To see this consider a sequence (z n ) n in ∆ converging to some point z 0 in ∆. Since |β(z n )| = 1 and ψ(z n ) is in the compact subset B T w (V ) of V * , for all k, we can assume without loss of generality that there is a subsequence (z n k ) k of (z n ) n so that (β(z n k )) k converges to some
separates points of V we have that u 0 ∈ V and u 0 = ψ(z 0 ). Hence ψ(z n k ) converges to ψ(z 0 ). Applying the above argument to any subsequence of (z n ) n we get that ψ is continuous.
We next observe that φ • ψ(z) = z for z in ∆. To see this we note that for every f in H vo (∆) we have
for all z in ∆. Taking f ≡ 1 we get h ψ (z)h φ (ψ(z)) = 1 for all z in ∆ and this gives that φ • ψ = Id ∆ . We also note that
w(ψ(z)) = 0 for all z in ∆. This, in particular, will mean that f is well defined and holomorphic on ∆.
We claim that f ∈ H vo (∆). To see this let ǫ > 0 and take a compact set
As V is connected and B T w (V ) is open the Identity Principle implies that T (f )(z) = g(z) for all z in V and hence T is surjective. Clearly if T is surjective then T (H vo (∆)) will contain all the linear functional and the proof is complete.
We observe that the condition that V is connected is necessary. To see this let U 1 and U 2 be two disjoint non-empty open subset of C and v 1 :
Then the mapping T :
is an non-surjective isometry of H vo (U 1 ) into H wo (V ). We also note that the condition of separability of Theorem 3.1 is not satisfied by the isometry in Example 2.1 as T (f )(z) = f (z 2 ) can never separate z and −z. To see that this isometry cannot satisfy condition (c) of Theorem 3.1 we observe that for any f in H vo (∆) the restriction of T (f ) to R is an even function. Hence it cannot be equal to any polynomial of degree one.
Topological Structure of B T w (V )
In subsequent sections we will wish to consider isometries between specific spaces of holomorphic functions. Previous sections have shown that vital information of the structure of isometries is contained in the subspace B B(a, r) ) has non-empty interior. In particular, B has non-empty interior.
Proof: Let us suppose that we can find a in U and r > 0 so that the interior of B ∩ φ −1 (B(a, r)) is empty. As φ : V → U is analytic and non-constant we have that φ is locally injective on all of V with the possible exception of a sequence of points, (z n ) n in V , which converges to the boundary of V . For each k in N let B(a, r) ) has empty interior, E k ∩ W z k j , j = 1, . . . , p, will have empty interior. As the restriction of φ to W z k j is a homeomorphism onto its image it follows that φ(E k ∩ W z k j ) is a compact and hence closed set which will also have empty interior. Therefore, by the Baire Category Theorem, φ(E k ) has empty interior. It is easy to see that
This contradicts the Baire Category Theorem and hence we have that B ∩ φ −1 (B(a, r) ) has non-empty interior.
We observe that Theorem 4.1 fails if we replace B ∩ φ −1 (B(a, r)) with B ∩ φ −1 (B(a, r) ). To see this consider the surjective analytic function φ : ∆ → ∆ given by φ(z) = z 2 . We consider the subset B of ∆ given by 
∪ {z : |z| = 1} and therefore also has empty interior.
Automatic Surjectivity of Isometries
In this section we will show that for the weights v(z) = 1 − |z| β , v(z) = e −1 1−|z| β β 1 and the weight v(z) = (1 − log(1 − |z|)) β , β < 0, on the unit disc ∆ we have automatic surjectivity of isometries from H vo (∆) into H vo (∆). In all three cases the general approach is the same. Using Theorem 2.2 we know that each isometry T has the form T (f )(z) = h φ (z)f • φ(z). With the exception of the weight v(z) = 1 − |z| 2 we then show that φ(0) = 0. From this we can then prove that φ is an automorphism of the disc and hence that T is surjective. While our general strategy is the same in all three cases we are forced not only to use different arguments for each individual weight but also different arguments for different values of β in each of the first two cases. In [7, Theorems 13, 15 and 16] the surjective isometries of H vo (∆) are completely described.
Lemma 5.1 Let v : ∆ → R
+ be a radial or complete weight and T : H vo (∆) → H vo (∆) be an isometry. If there exists an automorphism φ : ∆ → ∆ such that
. It is easily checked that S maps H vo (∆) into H vo (∆) and that S = T −1 proving that T is surjective.
Let us start with the weight v(z) = 1 − |z| β .
Theorem 5.2 Let β 1 and v : ∆ → ∆ be given by v(z) = 1 − |z| β . Let T : H vo (∆) → H vo (∆) be an isometry.
(a) If β = 2 then there exists an automorphism ϕ : ∆ → ∆ such that
(b) If β = 2 then there exist θ ∈ R and a complex number α, |α| = 1, such that T (f )(z) = αf (ze iθ ) for all z ∈ ∆.
In particular T is surjective.
Proof: By Theorem 2.2 we know that there is an analytic surjection φ : ∆ → ∆ and h φ in H vo (∆) such that
for all f in H vo (∆) and all z in ∆. Theorem 4.1 tells us that the interior of B T v (∆) is non-empty. Moreover, for points of this set we have that
As h φ is analytic and non-zero on the interior of B T v (∆) we have that log |h φ (z)| is harmonic on B T v (∆). Hence we have that
for all z in the interior of B T v (∆). We consider four cases depending on the value of β. In each of these cases we will show that φ is an automorphism of the disc which implies that T is surjective.
When β = 2, Equation (2) becomes
for z in the interior of B T v (∆). Applying the Schwarz-Pick Lemma we see that φ must be an automorphism of the disc.
We now consider the other cases. For each n ∈ N the set
), a n = 0. Then (φ(a n )) n is a null sequence in ∆. Since ∆ is compact (a n ) n has a subsequence, which we also denote by (a n ) n , that converges to some point a of ∆. We claim that a is actually in ∆. To see this suppose that a belongs to ∂∆. Since each a n belongs to B T v (∆) and h φ is in H vo (∆) we have that
contradicting the fact that (φ(a n )) n is a null sequence. By continuity of φ we have that φ(a) = 0. Our aim is to prove that a = 0. Let us consider the case β > 2. As (a n ) n converges to a in ∆ and
for each n in N it follows that (a n ) n must be a null sequence. By continuity of φ it follows that φ(0) = 0. We can apply the Schwarz Lemma to get that
On the other hand, rewriting Equation (2) we have that
Letting z tend to 0 we get that |φ ′ (0)| β 1 and applying the Schwarz Lemma again we see that |φ ′ (0)| = 1 and that therefore φ is an automorphism of the disc.
We now consider the case where 1 < β < 2. Let γ = 2 2−β . We rewrite equation (2) 
Let us see that this equality can be extended to the whole of ∆. Taking logs of both sides, we get that
As γ log |h φ (z)|+log |φ(z)| and log |z|+γ log |φ
, the Identity Principle implies that γ log |h φ (z)| + log |φ(z)| = log |z| + γ log |φ
and by continuity hence
We claim that φ(0) = 0. Suposse this is not the case. Then h φ has a zero of order k at 0. If we let l be the order of φ ′ at 0 then we get (k − l)γ = 1, which is impossible as γ > 2 and k and l are non negative integers.
Suppose that a = 0 and that φ has a zero of degree m at a. Let us first consider the case when m = 1. Then, as |h φ (z)| γ |φ(z)| = |z||φ ′ (z)| γ for all z in ∆ we get that the left-hand-side has a zero of order 1 at a while the right-handside is non-zero at a. Now suppose that m > 1. Since
. But this now implies that γ = m m − 1 and again γ = 1. This is impossible as we have assumed that 1 < β < 2 and so, as 0 is the only zero of φ in U , a = 0. For each n in N we have that |φ ′ (a n )| 2 a n φ(a n )
Letting n tend to ∞ we get that |φ ′ (0)| 1. Applying the Schwarz Lemma again we see φ is an automorphism of the disc.
Finally we consider the case when β = 1. In this case we see that φ satisfies the equation
for all z in the interior of B T v (∆). As in the case where 1 < β < 2 we see that
for all z in ∆. The Open Mapping Theorem allows us to find λ in C of modulus 1 such that h φ (z) 2 φ(z) = λzφ ′ (z) 2 for all z in ∆. We observe that the right-hand side has a zero of odd degree at 0. Hence h φ (z) 2 φ(z) has must have a zero of odd degree at 0. In particular, we have that φ(0) = 0.
Let us write φ as φ(z) = zψ 2 (z) where ψ : ∆ → ∆ is analytic. Note that since h φ (z) 2 φ(z) = λzφ ′ (z) 2 for all z in ∆ and h φ is non-zero on B T v (∆) we have that each zero of ψ in B T v (∆) is of order 1. Moreover, for z in ∆ we have that
Using [21, Theorem 17.9] write φ as φ(z) = λz k B(z) 2 g(z) 2 where k ∈ N, B(z) is the Blaschke product formed by the roots of ψ and g is a non-zero bounded holomorphic function on ∆ with g ∞ = ψ ∞ = 1. Suppose that a = 0 is a zero of φ. Write B(z) as
Then we have that
which is impossible as |a| < 1 and B a g ∞ 1.
Hence we have that 0 is the only root of φ in B T v (∆). Repeating the argument of the case where 1 < β < 2 we get that φ must be an automorphism of the disc. This completes the proof. 1−|z| β . Then every isometry T : H vo (∆) → H vo (∆) has the form T (f )(z) = αf (e iθ z), z ∈ ∆, for some complex number α with |α| = 1, and some θ ∈ R. In particular, T is surjective.
Proof: From Theorem 2.2 we know that there is an analytic function φ : ∆ → ∆ and
Taking Laplacians of log |h φ | we get that 3 .
By Theorem 4.1 for each r > 0, B T v (∆) ∩ φ −1 (B(0, r)) has non-empty interior. This means that for each n in N we can choose a n in the interior of
As in the case with v(z) = (1 − |z| β ) we may suppose that (a n ) n converges to a point a of ∆. Moreover, for each n in N we have that
We will again distinguish between four different values for β. First we consider the case when β > 2. In this case we see that the sequence (a n ) n chosen above is a null sequence and by continuity φ(0) = 0. For z in the interior of B T v (∆) we have that
The Schwarz lemma implies that the right-hand side is greater than or equal to 1. Letting z tend to 0 we get that |φ ′ (0)| = 1 and hence we have that φ is an automorphism.
When β = 2 then for any z in the interior of B T v (∆) we have that
It follows from the Schwarz-Pick Lemma that
which gives that |z| |φ(z)| for any z in the interior of B T v (∆). In particular, we get that a = 0. The Schwarz Lemma now implies that φ is an automorphism and hence T is surjective.
Let us now consider the case when 1 β < 2. Suppose that a = 0. Then let k be the degree of the zero of φ at a. As
|φ(z)| 2−β must gave a finite non-zero limit at a. Hence 2(k − 1) = (2 − β)k or kβ = 2. However if 1 < β < 2 this is impossible and thus a = 0 is the only zero of φ in B T v (∆). If β = 1 then φ has a double zero at a. Writing φ as φ(z) = (z − a) 2 ψ(z) we see that
Setting z = a we get that
We have that
However as the minimum value of the function f (r) = 1 + Returning to the case where 1 β < 2, for each n in N we have
Multiplying by |a n | 2−β and letting n tend to infinity to get that |φ ′ (0)| = 1 which means that φ is an automorphism of the disc and hence T is surjective.
Theorem 5.4 Let β < 0 and v : ∆ → ∆ be given by v(z) = (1 − log(1 − |z|)) β . Then every isometry T : H vo (∆) → H vo (∆) has the form T (f )(z) = αf (e iθ z), z ∈ ∆, for some complex number α with |α| = 1, and some θ ∈ R. In particular T is surjective.
Proof:
We have that ∆ log v(z) is given by
The result now follows in the same way as with the weight e −1
(1−|z| β ) . We have seen that for the weights v(z) = 1 − |z| and w(z) = 1 − |z| 2 on the unit disc ∆ the mapping T (f )(z) = f (z 2 ) is an example of a non-surjective isometry from H vo (∆) into H wo (∆). Let us now observe that, up to composition with an automorphism of the disc, all isometries between these spaces are of this form.
Theorem 5.5 Let v(z) = 1−|z| and w(z) = 1−|z| 2 on ∆. Then every isometry
2 ) for some automorphism ψ of ∆.
Proof: Let T be an isometry from H vo (∆) into H wo (∆). Then, by Theorem 2.2, there is an analytic function φ : ∆ → ∆ and h φ in H wo (∆) such that
Since h φ is analytic we have that log |h φ (z)| is harmonic on ∆ \ h
This gives us that
We rewrite the above equation as
for all z in the interior of B T v (∆). As in Theorem 5.2 we get that there is λ in C with |λ| = 1 so that h φ (z)
4φ(z) for all z in ∆. In particular, we observe that there is an analytic function ψ : ∆ → ∆ such that φ(z) = ψ(z)
2 for all z in ∆. Taking z in the interior of B T w (∆) and replacing φ with ψ 2 we see that
for all z in ∆. The Schwarz-Pick Lemma now implies that ψ is an automorphism of ∆ and the result follows.
Isometries of H v (U )
Let us start with an example of a non-surjective isometry of H v (U ).
Example 6.1
The following example is due to Bonet, Lindström and Wolf [3] which in turn is motivated by an example of a non-surjective isometry of the little Bloch space given by Martin and Vukotić [18] . Given a thin interpolating sequence (a n ) n and a non-negative integer m we form the corresponding Blaschke product
An interpolating sequence (a n ) n in ∆ with a n = 0 for all n is said to be thin if
Consider the weight v(z) = 1 − |z| 2 on the unit disc ∆. Then T B given by
is a non-surjective isometry from H v (∆) into H v (∆). See [3] and [18] for the details.
So, for weights such as v(z) = 1 − |z| 2 there are non-surjective isometries from H v (∆) into H v (∆). The following result shows that such isometries can be characterised by how they map H vo (∆). 
Isometries of the Bloch Space
In [18] Martín and Vukotić use the hyperbolic derivative and cluster sets to characterise the isometric composition operators between the Bloch space of all holomorphic functions f : Using this identification Cima and Wogen, [10] , showed that all isometries of the little Bloch space, B o , are surjective (see also [12] ). Their proof (and so the one in [12] ) unfortunately seems to be incomplete. Both proofs show that there is a subset Σ(R 0 ) of ∆ and functions τ : Σ(R 0 ) → ∆, α : Σ(R 0 ) → Γ such that T * (δ z ) = α(z)δ τ (z) . The space Σ(R 0 ) may be regarded as corresponding to our B T w (∆) while τ corresponds to our φ 1 . It is then shown that there is a holomorphic function G 0 on the unit disc so that |G 0 (z)| = 1−|τ (z)| As in the case with H v (U ) the extreme points of the closed unit ball of (T (Z)) ′ are of the form δ z for z in β∆, the Stone-Čech compactification of the unit disc. We set B T equal to the set of all z in β∆ such that δ z is an extreme point of the closed unit ball of (T (Z)) ′ . As with our previous Banach-Stone Theorems we have thatT induces a function φ from B
T onto β∆ and such that T f (z) = λf • φ(z) for all f in Z and all z in ∆ ∩ B
T some λ in C with |λ| = 1. The isometry f → f ′ and our criteria for surjectivity of the weighted space H v (∆) gives the following result. 
